TECHNICAL APPENDICES

A. Proof of Lemma 1

Proof. Assume Condition (1) is true.

1. Proof of ag’ < 0.
Recall that ! = vo s VO We know,

v = (wH+K—1)(148)—[w+BE P (w+ K —1-Dy™ )+ (1-pi) (w—s)]]

where E,[.] denotes the expectation function based on information in period
t, pi*! is the probability that an older woman will find a match in the period
(t +1) and D?"*! is the payment associated with a marriage of a woman of
age i and man of age j in period (¢t + 1), (i,7 =0, 1).

Remark 1. Notice that in the above expression I do not break pi™' into

the probabilities of matching with different types of men (p(l) 1 and pl t“)

in period (t + 1). This is not necessary since when agents are matched with
more than one type in equilibrium, they must be indifferent between them
(Shapley and Shubik (1972), Roth and Sotomayor (1990)).

Simplifying, we get

W= (K = 1)+ B(K + s — 1) — BEPT (K + s — 1 — DML

Suppose Py < 1. Then D' = (K 45— 1) (= v;""", because old women
in (t+ 1) must be indifferent between marrying and not marrying). Hence,
we can derive

' = (K —1)+B(K +s5—1) (A.1)
Suppose Py = 1. Then we get

vyt = (K — 1) + BE, D" (A.2)

: 0.t
Now consider V"

Vol = (wt K =1)(1+8) — [w+BE[g (w+ K =14+ Dy )+ (1-g1) (w—s)]]
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where gi*! is the probability that an older man will find a match in the

period (t + 1).
Simplifying, we obtain

VY= (K —1)+B(K+s—1) = BE[GT(K +5— 1+ D)

Suppose :*! < 1. Then D" = —(K +s—1) (= =V;"""! because old men
in (t+ 1) must be indifferent between marrying and not marrying). Then,

Ve =(K—-1)+3(K+s—1) (A.3)

Suppose g;"' = 1. Then,

Vit =K —1- BED; ! (A.4)

Now, let p,™ < 1; then g{** = 1 (else, the marriage market does not clear).
Hence, ED}'""' = K + s — 1. Then (using (A.1) and (A.4)),

agt = 2(K —1)
= ap' <0 when K <1

Alternatively, let pi*! = 1 and g@i*! < 1. Then ED;"™ = —(K + 5 — 1).
Then (using (A.2) and (A.3)),

at = 2K —1)
= ap' <0when K < 1

Finally, suppose pi"* = 1 and gi** = 1. Suppose the expected dowry for
(1,1)—marriages is ED;**'. Then (using (A.2) and (A.4)),

at = 2(K—1)
= ag’t<OwhenK<1

Hence, when K < 1 (Condition (1)), a9 < 0.
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Remark 2. Notice from the proof above, that in general, the probability
of matching in any period (p} or §) may be replaced by 1. This is because
when ! < 1 (¢4 < 1), the equilibrium dowry is such that the old woman
(old man) is reduced to her (his) outside option (w — s) in period t. That
is, in a period—t equilibrium,

Pilw+K—1-Dr'""Y+(1-p)(w—s)=w+K—1- D"
and
w4+ K—-1-DY+(1-F)w-s)=w+K—-1-D""!
. Proof of o' > of" > 0.
Recall a}’t = v%’t + Vll’t =
at =2(K +s5—1) (A.5)

Lt 1t 1t
Also, we can express o = V" + 1" as

oyt =2K + s+ 3+ BED! (A.6)

(A.6) implies that the maximum value o™ corresponds to the maximum

(feasible) value ED" ™™ = " = K 4 s — 1. Hence,

apy™™ = 2K 4+ s(1+ ) + K3 (A.7)
Condition (1) imposes s > f%r; Since f%“; > %;2 (because K < 1), we also
have s > [i'(i ‘;2. This implies the following:
K
s > B+2
1-p
= s(1-p)>Kp+2
= 2K+4+s—-2)+s(1—-08)> 2K +s—-2)+Kp3+2
= 2(K+s—1)>2K+ KB +s(1+p)

The above directly implies (using (A.5) and (A.7)),

1,t 1,t,max
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1t 1t

Note also, that
Kﬁ+2>Kﬂ—mK+6)
1-p 1-p5
= s(1-p0)>Kp—-2(K+0)
= 2K+s+0—-pB(K+s—1)>0

Since EDTMY — _y b — (K 4 5 — 1), the above directly implies

9K + s+ f+ BEDYTH™ >

But, using (A.6), this means:

1,t,min

ay >0

= oztl)’t >0

Lt 0,t
. Proof of a;" > a;".

Recall o) = v + V!, simplified to yield
o' =2K +s5— 3 —4— BED!

Hence,
At — 9K 5 — B — 4 — BE, DT
= o — 9K — 28 — 44+ KB+ s(1+f) (A.8)
since EDyT — M — (K 45— 1),
Note that KB 269
__Tjﬁ__<0
since K < 1,0 < 8 < 1 (from Condition (1) and model assumptions).
Therefore,
Kp—28—-2
s > 0>_£Tj%__

= s(1-8)>KB—28—2
= 2K +25—2>2K —28—4+KB+s+ 3B
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The above implies (directly from (A.5) and (A.8)):
0,t,max

17t bl
ay > oy

1,t 0,t
= a;" >y

B. Stable Population Equilibrium

B.1. Derivation of mapping ¢

uild,OO =0 (B.1)
Ubg1y = U
where ugld’ij is the measure of already-married couples (i, j) at the beginning of

period ¢t and ufj is the measure of (i, j) couples at the end of period ¢.
Define,

uZld,Ol = Uial (B.2)
(the measure of old males who when young, married old females)
ngd,w = UBII

(the measure of old females who when young, married old males)

Then
t ot t
Ugg = Uold,00 T Unew,00 (B.3)
t ot t
Uy = Ugig 11 + Upew 11
¢t ot
Ugr = Upew,01
t ot
U = Unpew,10
t . . . . .
where uy,,,, ;; is the measure of new matches (i, j) — specified by the matching

rule 41;; — made in period ¢ from among the eligible agents (fj, fi, mg, mf). That
is,

uizew,ij - Mij(févff7m67m§) (34)
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In each period single agents (f§, m, ff, m!) are determined as follows:

t t
fo = Fo— old 00 (B.5)
t o t
my = My — old,oo
t t t t
i = - Uord,10 — Uold,11
t _ Mt ot ot
my = 1 7 Upd,01 — Yord,11

(B.1) — (B.5) define a mapping ¢":
Uorg = " (Fg~, Fy 1 Mg, My gy ) (B.A)

The measure of newborns in each period is given by (recall that old unions do not
produce children):

Fé = Zzbwunew ij ZZbU/’LZQ< 8717 f717m0 mi 1)
g
MS = UZZqunewz] = Uzzbwuz]( 8717 f717m0 mi 1)
( J
Using (B.5), the above can be written as

F(l)ﬁ — Zzbmum Ft 1 Ft 1 Mt 1 Mt 1’ Zldl)

i g
MS — Uzzsz/'l’z] Ft 1 Ft 1 Mt 1 Mt 1’ Zld1>
(]
Also, FI = F!
My = M!

The above defines a mapping ¢':

e. (F, FL ME M) =o' (B3t B MY Mt ul ) (B.B)

(B.A) and (B.B) define the mapping ¢:

(F[;e?Ff?Mé?Mf? old) (b(Ft ! Ft ! Mt ! Mt 1 Zldl)
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B.2. Proof of Proposition 1

Proof. Suppose that the total population is in a stable population equilibrium,
growing at the rate (1 4+ 7). The result follows from Definition 6 and equation
(B.5) in Appendix B.1. =

C. Proof of Lemma 2 & Corollary 1

C.1. Proof of Lemma 2

Proof. (In the proof below, steady-state values of variables are denoted without
a time superscript, indicating that these values are the same in every period. E D/
denotes the expected dowry in an (i, j)—marriage in every period.)

Assume Condition (1) holds. Then young men do not marry young women
and old agents are matched before young agents (Lemma 1 and (7)). Assume also
that sex ratios are exogenous.

Assume that young men are willing to marry old women at the payments
offered. Keeping this in mind, there can be 7 possible demographic configurations
that can be sustained in every period of a steady state equilibrium. These are:

L gt i+ ot = 0
fi =mi +mg (mf =0)

mt < fI <mb +mf

mi = fi <ml +mf

fi < fit fo=mi <mi+mg (ff =0)
fi < fi+ fo<mi<mi+mg (ff =0)
7. fl<mi<ml+mb<fi+f}

AN i

Focus on configurations (1)—(4) in which f{ > m!. Below, I show the following:

i Configurations (1) and (2) are inconsistent with a non-trivial steady state
equilibrium, since m{ = 0 and a? < 0 (i.e. there are no old men and young
men are not willing to marry at the equilibrium payments, leaving women
without partners). This leaves configurations (3) — (7) as the only possible
steady state configurations (Corollary 1).

it When configurations (3) or (4) are are true in a non-trivial steady state
equilibrium, o < 0. This proves Lemma 2.

Proof of part (i):
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Consider configuration (1). The configuration reduces to ff > m} since in
each period there are more old women than men implying that all men must be
married young; hence m! = 0. Since some old women do not find a match the
(steady state) equilibrium dowry is

D) =) = (K +s-2) (C.1)

Note that the above dowry reduces old women to indifference between marrying
versus not marrying.
Young men’s surplus from marriage, V,°, can be derived to be

V)P=K—-2—-3—BED; (C.2)

In steady state, the expected dowry ED} = D} = (K + s — 1) (making old
women indifferent to the age of the groom); hence (C.2) implies

V0= K—2—KjB—ps

Using (C.1) and (C.2), we obtain the (equilibrium) value of a marriage between
young men and old women (o = v} + V) to be:

o = 2K —4— KB+ s(1— B) (C.3)
Condition (1) imposes s < B+2+2(11:§<)(1_ﬂ) = 4+2Kf:52K75- Since 4Hl(f;2K >
4+K6—211i;3(1—K) - 4+2K1ﬁ__ﬁ2K_ﬁ (because K < 1), we know s < %- This

implies that af < 0 (see (C.3)). In other words, young men are not willing to
marry old women in the steady state equilibrium. But configuration (1) implies
m} = 0. Hence, there are no old men in the marriage market and the young men
are not willing to marry either type of woman. This implies that the population
must reduce to zero (trivial equilibrium).

Hence, configuration (1) cannot be sustained in a non-trivial steady state equi-
librium.

Consider configuration (2). The configuration reduces to ff = m} since in
each period there are enough old women for all men implying that all men must
be married young; hence m} = 0. There must be multiple equilibria in payments,
which are assumed to follow a uniform distribution. That is,

D? ~ U[_‘/lou U?]
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Hence, the expected dowry is given by

10 40
ED — % (C.4)
Simplifying (using (C.1), (C'.2),(C.4)), we get
1
Epg):Hﬁ;ﬁEDl (C.4)

Note that in any period old women are indifferent between marrying young
men and old men (if there were any) if

v — ED] =) — EDY
= ED; =EDY+1 (C.5)
Together, (C.4") and (C.5) imply

s+ 203
2-p

Using (C.1) — (C.2) and the equilibrium dowries (C.5) — (C.6), we can obtain
the magnitude of af = o9 + V:

EDY = (C.6)

0o 22K —-Kp—4+s(1-p)]
1

5 (ey
Condition (1) imposes s < B+2+2(11:;<)(1_5) = 4+2K15__52K_B. Since % >
A+Kp 72115? U-K) — 4+2K15:;K_5 (because K < 1), we know s < SKB2K . hence

1-8
a < 0. In other words, young men are not willing to marry old women in

equilibrium. Also, there are no old men since m! = 0. Hence, configuration (2)
cannot be sustained in a non-trivial steady state equilibrium.

Proof of part (ii):

Consider configuration (3): m! < ff < m! + m}. Assume o > 0. Then,
in equilibrium, all old women find a match, some with young and some with old
men. Some young men find a match with old women, and some do not marry at all
(since they are not willing to marry young women). Therefore, young men must
be indifferent between marrying old women or postponing marriage (D9 = —V?).
This means that

D =—[K —2~ - BDi] (C.8)
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Old women are indifferent between marrying young and old men if:

v — D] = 9 - DY (C.9)
= Di=1+D)

From (C.8) and (C.9) we get:

DY = % (C.10)
3+ —-K

1-p

Now consider the value of a? = v{ + V0 at the equilibrium dowries (C.10):

D! =

o 2K —KfB+s(1—p8)—4

Q

1-p
Condition (1) imposes s < ﬁ+2+2(11:§()(1_5) = 4+2K15__62K_ﬂ. Since % >
4+K672lffgﬁ(1*K) — 4+2Kf:62K’5 (because K < 1), we know s < —4”1(f52K ; hence

a) < 0. In other words, young men are not willing to marry old women in
equilibrium. This is a contradiction, since the equilibrium dowries were derived
assuming o > 0.
Now consider the equilibrium payments when o? < 0.
Then old women must be indifferent between marrying and being single for
life. Hence,
Di=K+s—1

Consider the magnitude of o = V? + v{ at the equilibrium dowry above:
) =2K — KB +s(1—p)—4

Here too, a? < 0 (from Condition (1)). This is consistent with the initial
assumption a? < 0.

Hence, in a steady state equilibrium of configuration (3), young men do not
marry.

Suppose that configuration (4) holds in steady state equilibrium:
mt = fi < m!{ + ml. There can be multiple equilibria in payments with the
limits being determined by what makes old men and old women indifferent to
their outside option from the marriage.
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Assume that o? > 0.

Then, the outside option of old women is marriage to young men. Also, the
outside option of old men is marriage to young women.

Using (C.2), we obtain the dowry that old women must pay in order to marry
a young man, D{(= —V}°) to be

DY =—[K —2— 8- BED]

The highest dowry that old women will pay old men in this period must be the
one that makes them indifferent between marrying old and young men. Hence,

0 0 __ 1 1,max

= D™ =1-[K—-2—-p§—pED}]

The highest bride price that men will pay in this period depends on their
outside option from marrying young women. To marry young women, old men
must be willing to accept the payment, D}, where

Dy = v
= Dy=K+p3+BED;
The highest bride price (or lowest dowry) that old men will pay old women will

be the one that makes them indifferent between marrying old and young women.
Hence,

‘/bl _I_Dé — Vvll _‘_D},min
= D™ =1+ K+ f+ BED!

: : e Lmin 1
Dowries are assumed to follow a uniform distribution over the range [D;™", D;™*].

Hence, the expected dowry is given by

D%,miﬂ + D%.max

ED} = 5 (C.11)
ED%:%ig

Now consider the magnitude of o in the equilibrium (using (C.11)):

«

o 2K —2Kp—4+3+s(1-p)
) =

5 (C.12)
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Condition (1) imposes s < 5””(11:?)(1’5) = 4+2Kf__62K_5. Hence, of < 0, and

young men are not willing to marry old women at the equilibrium dowry. This is
a contradiction since the equilibrium dowry was derived assuming af > 0.

Now assume o < 0. Then, the maximum dowry that old women will pay old
men will be given by:

ﬁi'm‘”‘:vi:[(—i—s—l

This implies, in turn, that

Dl,min ﬁl.max
ED! - +2 1 (C.13)

2K +s+ (3
2-p

Now check the magnitude of o) at the £ D} derived in (C.13):

= EDi =

o 22K —2KB -4+ p+s(1—p)]
1 2_6

«

Condition (1) imposes s < B+2+2(11:§<)(1—B) = 4+2Kf:52K’5 = af < 0. This is

consistent with the assumption of o < 0 under which the equilibrium dowries
were derived.
Hence, in a steady state equilibrium of configuration (4), young men do not

marry. |

C.2. Proof of Corollary 1

Proof. The proof of part (i) presented above demonstrates that configurations
(1) — (2) are not compatible with a non-trivial steady state equilibrium when
Condition (1) is true. This allows only configurations (3) — (7) to be sustained as
potential steady state configurations. Moreover, in configurations (3) — (4), young
men do not marry old women since a? < 0. Under these conditions, it is easy to
see that configurations (3) — (7) above are identical to configurations (a) — (e) in
equation (xx) (Corollary 1). =
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D. Proof of Proposition 2

D.1. Derivation of E; and E,,

Let Ejfldenote the total utility that a woman who attains marriageable age in
period (¢ + 1) can generate over her lifetime. Then,

B = ph(w+ K)(1+ 8) — Dy + (1= BB w + B{w + K — 1 — Dy}
175" — (1 =1 )P Hw + B(w — )]

where ﬁf*k is the probability that a woman of age ¢ finds a partner in period (t+k)
and Df’Hk refers to the payment in a marriage between bride ¢ and groom j in
period (t + k).

—t+k

Remark 3. Notice that in the above expression I do not break p; mto the prob-

abilities of matching with different types of men in equilibrium (pi and p1 t+k>

This is not necessary since when agents are matched with more than one type in
equilibrium, they must be indifferent between them (Shapley and Shubik (1972),
Roth and Sotomayor (1990)). When matched with only one type in equilibrium,
E;“ must contain the probability of matching with this type and the returns from
this marriage. Since old agents are matched first (Lemma 1), it is sufficient to use
the returns from these matches (i.e. with old partners) in the expression for E;“.

If a woman cannot find a partner in her lifetime, she gets w + 5(w — s) (she
receives w in the first period and (w — s) in the second period, due to the cost
of being single in old age). Hence the total marriage surplus that a daughter
conceived in period t is expected to generate over her lifetime (denoted E}H) is

Ef = E[EM - [w+ Bw—s)] (D.1)
= EPSMKQ+B)+ s — Dy + (1 — TP K 4+ s — 1 — D)

By a similar derivation,

Bt = Eifgg (K —2)(1+8) + Bs + DY)+ B0 - 35"y (K + s — 1+ Dy

(D.2)
where E'F! is the total surplus that a man conceived in period ¢ is expected to
generate over this (marriageable) lifetime and qt”C is the probability that a man
of age j finds a partner in period (¢t + k).
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D.2. Proof of Proposition 2

Proof. (For ease of exposition, time superscripts are dropped in this proof.) The
optimization problem in (12) — (13) (see text) may be solved by the Lagrangean
method. The Lagrangean function is

L=c+ Esbs + Epby — (by — by)? + N[p; — bp — byn] + 75bs + Tnbim

The first order conditions are:

szg—lf;:Ef—2(bf—bm)—/\+7Tf:0 (D.3)

L = g = B+ 2y = b) = A+ 7 =0 (D.4)
ALy = A(p; — bf — by) = 0;A > 0, (p; — by — b) > 0 (D.5)
TypLly, =7y =0;mp >0, by >0 (D.6)

TmLn,, = Tmbm = 0; 7, >0, by, >0 (D.7)

Suppose A > 0 and 7y = m,, =0 (i.e. by >0, b,, > 0 and by + b,, = p;).
The interior solution is obtained as

dp; + (Ef - Em)

b, - (D.8)
mi 8

Suppose parameters are such that b3, > 0, 0}, > 0. Let us check that the as-

sumption of A > 0 is justified. The marginal utilities of having a boy or a girl at
(b%, b},) are given by:

aUmarr B aUmaT"l“ B Ef + Em

>0
8bf ob,, 2 -

It is clearly optimal to conceive as many children as total fertility allows as
long as the marginal utility of the additional child is strictly positive. Note that
the marginal utility of the additional child will be zero only if £y = E,, = 0.
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This can occur when both agents have a zero probability of finding a match
in their lifetime and may be true only when the population is reduced to zero,
viz. a ‘trivial’ stable population. E; (or E,,) may also be zero if there are so
many women (men) in the population that they are forced to pay out their entire
surplus as marriage payment in each period. However, when this is the case, men
(women) find matches with ease and get paid positive dowries (bride price), hence
E., (Ef) > 0. Thus in all meaningful and non-trivial equilibria, the marginal
utility of offspring is positive for interior solutions (D.8) and couples will produce
as many children as the fertility of the mother will allow.

Consider, without loss of generality, a corner solution in which b,,; = 0, by; > 0.
Is the constraint on total fertility (D.5) binding?

A binding constraint (D.5) and b,,; = 0 implies by; = p,. At this by, WBLI):M =
Ey — 2p,. Note also that for b,,; = 0, we must have 4p, — (Ey — E,;,) < 0 (see

(D.8)). But this implies that p;, < Ef;Em < % — (@) < % Hence, 2872 —

b
E¢ —2p; > 0 and the constraint (D.5) does indeed bind for corner solutio;s in
which offspring of only one sex are desired in equilibrium.

The total fertility constraint is not binding in the case where by; = b,,,; = 0.
However, the only steady state equilibrium that is compatible with bs; = b,,; = 0
is the trivial equilibrium.

Hence, in all non-trivial population equilibria, couples have as many children
as total fertility allows. This implies that younger women have more children than
older women, since fertility depends only on the age of the mother and younger
mothers are more fertile.

Let us look at the conditions under which constraints (D.6) and (D.7) are
binding. Since p; < py, when |E; — E,,| > 4p,, all agents choose b,,; = 0 if
Ey > E,, or by; = 0if Ey < E,,. This cannot be compatible with a steady state
equilibrium for the following reason. Suppose, without loss of generality, that
E¢ > E,,, so that |Ey — E,,| > 4p, implies that all agents choose to have baby
girls. This will wipe out boys from the population reducing E; to zero (because
the girls cannot find matches) and violating the condition that Ey > E,,. When
|Ey — E,,| < 4p,, both constraints (D.6) and (D.7) will fail to bind and an interior
solution such as in (D.8) is obtained. When 4p, < |Ey — E,,| < 4p, the high
fertility couples (with young women) will have offspring of both sexes but the low
fertility agents have offspring of one sex only (viz. the one with the higher E,).

Using (D.8), taking simple derivatives will show that the optimal male-to-
female sex ratio o; (where i is the mother’s age) varies inversely with women’s
excess marriage market returns (Ey — E,,). Also, o; can be shown to increase
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(decrease) with declines in total fertility p; if £y — E,, <0 (Ef — E,, > 0).
This yields the result stated in Proposition 2. =

E. Example 3: Derivation

Assume the following parameter values: p, =3, p =2, K =02, s =4, =
0.25. It is straightforward to show that Condition (1) is true at these values,
hence Lemma 1 and Lemma 2 are true. The following claims demonstrate the
existence of a non-trivial steady state general equilibrium at the assumed values
(time superscripts are dropped, representing steady state values).

Claim 1. In a stable population equilibrium, g, =0, g, = 1, p, = 0.787, p, = 1.
The stable population grows at the rate (1 +7) = 1.237, so 7 = 0.237.

Proof. This is computationally demonstrated by graphing the evolution of the
population given the parameter values. Table (a) at the end of the appendices

shows graphs of the evolution of the population beginning from some initial vector
FtHl MS+1 t+1

of marriage market participants. I have presented graphs of %—5, Dy }—t and
1

mn’;;; (since the assumed mortality rates imply F! = Fi~', M! = M}™" and the
fact that all newborns are single ensure F} = ft, M{ = mf). Note that the
equilibrium values of g; and p; (i,j = 0,1) imply that f < mf{ < f{ + f§ in the
steady state equilibrium. m

Claim 2. The equilibrium marriage payments are D} = Klfzﬁ = 093, D} =
Kf}gﬁ = 1.93. Hence the equilibrium marriage payments are dowries.

Proof. Let g, =0, g, = 1, p, = 0.787, p; = 1. Within-group competition for
spouses among young women must reduce their marriage surplus to zero. So,

vp— Dy = 0 (E.1)
= Dj=K(+p8)—B(K—-1-EDy)
K +283
D} = = 0.
= Do=—7—5 0.93

(since in a steady state general equilibrium, Df = EDf for all 7, 7 and
D} =1+ Dj so that old men are indifferent to the age of their spouse). Hence,

CK+1+8

Di=Dj+1= =3 =1.93 (E.2)

49



The payments are positive, hence dowries. m

Claim 3. The optimal maternal-age-specific birth rates and sex ratios are: by =
1.38, by = 1.62, 09 = 1.17, bsy = 0.88, by = 1.12, 01 = 1.27

Proof. Using equations (D.1) and (D.2) (in Appendix D.1), and substituting
parameter values, we obtain £y = 0.5694675 and E,,, = 1.5325. Since |E; — E,,| <
4p,, there will be an interior solution to the problem of sex ratio choice (see proof
of Proposition 2 in Appendix D.2). The solution follows from equation (D.8) of
Appendix D.2. =

F. Proof of Proposition 3

(#*) (in Corollary 1) lists the five possible demographic configurations that may
be obtained in a non-trivial steady state equilibrium. Recall that K > 0,s > 0
and 0 < § < 1 and assume throughout that Condition (1) holds; hence Lemma
1 and Lemma 2 are true. (In the proof below, time superscripts are dropped,
representing steady state values.)

Proof. Case (a): Suppose that there is a stable population equilibrium (growing
at 7) in which ff > m} > 0 for all ¢.

Since (*) implies that old women are matched first, none of the young women
are matched in equilibrium, i.e. p, = 0. Also, since young men choose to postpone
marriage (Lemma 2) and all young agents survive to old age, we have f = F} =
Fytand mt = M{ = M{™'. Hence f! > m! implies F} " > M, so

t—1
t—1 __ MO

—$<1

g

Since the population is in a stable equilibrium, growing at 7, the overall sex
ratio must be a constant ¢ in all periods. Hence,

o < 1 for all t (F.1)
ie.o < (1—py)+ (1+7)

since py =0, (1 +17) > 0.
Equilibrium marriage payments are

Di=K+s—1 (F.1)
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due to within-group competition among older women who pay their entire marital
surplus as payment.

Note that Condition (1) imposes s > % and % > 24 [ (since 0 < 5 < 1).
Hence, s > 2+ 3 = s >2= K+ s—1 > 0. The equilibrium payment in (F.1")
is therefore a dowry.

Case (b): Suppose that there is a stable population equilibrium (growing at
7) in which f{ =m! < fI + f¢ for all t.

By an argument similar to the one above we can show that this implies

o 1 (F.2)
ie, 0 < (1—=py)+1+7)
since py = 0, (1 +7) > 0.
Since the numbers of old men and old women are perfectly matched, there
will be multiple equilibria in marriage payments. The lower limit of payments D}
will be the dowry that makes men indifferent to the age of women. This may be

derived as

DI = 1+Dy=1+uv,
or, Dj = 1+K+p+BED;

The upper limit is the dowry that reduces old women’s surplus to zero. This

is derived as .,

Therefore,
Die[l+K+B+BED], K+s—1]

Assuming that marriage payments draw from a uniform distribution over the
D+ D}

5+, which reduces to

above range, we have ED} =

EDl =" "_F" (F.2")

The expected payment is a dowry because it is positive.
Case (c): Suppose that there is a stable population equilibrium (growing at
7) in which ff + f{ = m! for all ¢.

51



In such an equilibrium, f{ = 0 since all young women find a match in every
period, i.e. P, = 1. Also, since fi = F} = (1+7)F; ' and m} = M{ ™', this implies

(1+7) = o (F.3)
ie., 0 = (1=pg)+ (L+7)

since py = 1.

There will be multiple equilibria in marriage payments since the numbers of
marriage market participants are exactly matched. The upper limit of D} is the
dowry that reduces young women’s marital surplus to zero. The lower limit is the
bride price that reduces old men’s surplus to zero. Deriving these in a manner
similar to Case (b) and assuming that marriage payments draw from a uniform
distribution over the permissible range, we obtain

Dy ~UI=(K +5), K(1+8) = 8(K —2— ED})]  (F3)

283 —
ED] b-s
2—p
24+ 03 —s
Recall that Condition (1) implies s > % > 24 > 20 (since § € (0,1)).

Since s > 2+ 8 and s > 203, the expected equilibrium payments in (F.3") are
negative; hence, bride price.

Case (d): Suppose that there is a stable population equilibrium (growing at
7) in which m} > f{ + f¢ for all ¢.

By an argument similar to the one above we can show that this implies

o > (1+7) (F.4)
i, o > (1—pg)+ (1+7)

since p, = 1.
Equilibrium marriage market payments are

Dy = —(K + s) (F.4"

since old men engage in within group competition to secure a spouse. The
equilibrium payment is negative, hence bride price.
Case (e): Suppose that there is a stable population equilibrium (growing at
7) in which f} < m} < fi + f{ for all ¢.
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Here only some young Women find a match in every period, i.e. p, € (0,1).
Since m} = M} = M{™, fi = Ft = (1+7)F. " and ff = (1—p,) F ", this implies
< (L=Ppo) +(1+7) (F.5)

The equilibrium payments may be derived, as in (E£.1) and (£.2) (in Appendix
E), to yield

K +25
D} = F5
0 -3 >0 (F.5)
K+1+p
DI = —— 2 >0
1 1_ﬁ >

Hence the marriage payments corresponding to (e) are dowries.
The following table summarizes the demographics and equilibrium payments
in each of the cases (a) — (e), when o is exogenous.

Demographic Configuration | Expected Payment Do Inequality
()flt>mt1>0 Dowry 0 o< (14+7)+(1-
(b) fi=m! < fi + f0 Dowry 0 o< (14+7)+(1—-p,
(¢) f1 < fi+ fl= Bride Price 1 c=(14+7)+(1-p,
(d) f1<f1+f0<m1 Bride Price 1 o>1+7m)+(1-p
(e) f <ml < fi+ fi Dowry € (0,1) o< (1+7)+ (1 -7
The expected equilibrium payment is dowry when o < (1+47) + (1 — ) and

bride price when o > (1 +7) + (1 —p,). This proves Proposition 3. m

G. Proof of Proposition 4

Proof. (Time superscripts are dropped in the proof below, indicating steady state

values.)
Consider Case (a): Using equations (D.1) and (D.2) (in Appendix D.1), we
can derive

Ey
E;—E,, =

0, £, =268(K+s—1)
—20(K +s—1)

(G.1)

at the equilibrium marriage payments (equation (F.1')).
Condition (1) imposes s > 2+B and 2+5 > 24> 2 (since 0 < § < 1). Hence,
s>2andK>O:>(K+s—1)>0:>Ef—E < 0.
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Since we are interested only in non-trivial equilibria, let |E; — E,,| < 4p, as
outlined in Proposition 2.

It is easy to show that by, < by, for each ¢, when E; — E,,, < 0 (Proposition 2).
Hence, in aggregate o > 1. This contradicts the condition that ¢ < 1 in Case (a)
(see equation (F.1)). Hence there cannot be a steady state general equilibrium of
the form (a).

Consider Case (b): We can derive, as before, that at the equilibrium payments
(see (F.2")),
2K +s+ [

2-p

As before, Ey — E,, < 0 implies that in a non-trivial equilibrium, by, < by,
for each i, hence o > 1. This contradicts the fact that 0 = 1 in Case (b) (see
equation (F.2)). Hence there cannot be a steady state general equilibrium of the
form (b).

Consider Case (c): Since f{ = 0, the only marriage market participants are
young women and old men. Hence, in equilibrium,

E; — B, = —25( ) <0

(FUUMEY) = [(1+P)FL (1 +P)ME = [bpoFL, bmo FL

since F{ young women are matched in every period t. Hence, 1 + 7 = byo. This
implies (from equation (F.3))

or, bpo = bfco

Condition (1) implies s > % > 24+ > 203, since 0 < 8 < 1. Hence,

Condition (1) implies

s> 20 (G.3)
Now, using the equilibrium marriage payments ((£.3')), I derive
28 —
B En= k- 20 (G.4)
(G.3) and (G.4) imply that
Ef— B, >0 (G.4)
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In a non-trivial equilibrium, we have (recall that ff = 0),

4py + (Ef - Em)

by = : (@5)
m0 ]

Denote Ey — E,, = E. Subsituting (G.5) in (G.2) yields
E? + (8 4 8py) E + (16p5 — 32p,) = 0 (G.6)

(G.4") shows that E > 0, so the relevant root of (G.6) for an equilibrium of
the form (c) must be E; = —(4 + 4p,) + 4(1 + 4p,)°° > 0.
Note also that the following condition must be true in equilibrium?:

Ey < Min[4p,, 8 — 4p,) (G.7)

Claim 4. There do not exist parameter values K >0, € (0,1) and s > 0 that

are consistent with Condition (1) and also with a steady state general equilibrium
of the form (c).

Proof. Suppose £ = E; as must be true in an equilibrium. From (G.4), we have:

268 —
K:El+w(1+ﬁ) (G.8)
2-p
In equilibrium, (G.8) must be satisfied for some K > 0. Hence, in equilibrium,
283 —
By + %(1 +8)>0 (G.9)

A necessary condition for (G.9) to hold is that it be true at the maximum value
of F. It is easily shown that F; is maximized at p7® = 0.75 and E; (pp®*) = 1°.
Hence, the necessary condition reduces to

262+ (1—8)3+2—5>0 (G.10)

Y(Ey < 4p,) since we are interested in non-trivial equilibria and (4p, + E1 < 8), since
bro = w < 1. This is because E > 0 implies ¢ < 1 (from (G.5)) and byo = o (from (G.2)).
?Note that (G.7) is satisfied at pax.
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The left hand side of (G.10) is decreasing in s. Let s = % (the lowest value
of s permitted by Condition (1); this corresponds to the highest value of the left
hand side).

Then, it is easy to show that for (G.10) to be true at s = %, we must have

—25° — 4
-3 =

Clearly, the above inequality is not satisfied in the range 8 € (0,1). =

I have shown that even when p, is such that E attains the highest possible
value consistent with a non-trivial equilibrium, there does not exist an s that is
consistent with Condition (1) and 5 € (0,1). This implies that there do not exist
a set of parameter values consistent with model assumptions and Condition (1),
that allow a steady state general equilibrium of the form (c).

Consider Case (d): Using an argument similar to that employed for Case (c),
we can show that in Case (d),

0

b2o > bro (G.11)
The equilibrium payments (F.4") yield

E=FE;—E,=2K+ (K +5)+5>0 (G.12)

As in the previous case, byo and b,,,¢ are given by (G.5) in a non-trivial equilib-
rium. Arguments similar to that employed above will show that in equilibrium,

E? + (8py + 8)E + 16p; — 32py < 0 (G.13)
Also, as before, the following condition must also be true in equilibrium:
0 < E < Min[4py, 8 — 4p,) (G.14)
Consider the equation:
224 (8py + 8)x + 16p2 —32p, =0  (see (F.6)) (G.15)

It is easy to show that (G.13) is satisfied with £ > 0 (as implied by (G.12))
when

E € (0,24) (G.16)
where z is the positive root of (G.15); 1 = —(4 + 4p,) + 4(1 + 4py)°?°

56



Note that x; > 0 when p, < 2, hence this is a necessary condition for the
existence of equilibrium.
Using (G.12), (G.16) reduces to the following condition:

0<E=2K+[(K+s)+s<uz (G.17)

Claim 5. There do not exist parameter values K >0, € (0,1) and s > 0 that
are consistent with Condition (1) and also with a steady state general equilibrium
of the form (d).

Proof. Since E is increasing in s (see (G.12)) it is sufficient to show that there
do not exist parameter values that satisfy (the right inequality of) (G.17) at the
B

minimum value of s that Condition (1) permits. viz. s = fir—ﬁ

It is easy to show that at s = %, the condition F < x; is equivalent to the
condition: 2( ) ( )
2 B(1-—K)+2K+ 33 —-K

< G.18

-5 1-5 o (G.18)

(G.18) cannot be true because (a) the left hand side is greater than 2 when
1 > K > 0 (Condition (1)) and 1 > > 0 and (b) the right hand side is 1 at
its maximum. (It is easily shown that x; attains a maximum of 1 at p, = 0.75.
Note that the necessary conditions of p, < 2 and (G.14) are satisfied at this
po)). Further, (G.18) has been derived from (G.17) using the lowest possible s
permissible by Condition (1). For larger s, the left hand side of (G.18)) will be
even higher, violating the requirement £ < z; in (G.17). m

Hence, there do not exist a set of parameter values consistent with model
assumptions and Condition (1), that allow a steady state general equilibrium of
the form (d).

Hence, when Condition (1) is true, the only possible steady state general equi-
librium is of the form (e).

Consider Case (e): Suppose that there is a stable population equilibrium
(growing at 7) in which ff < m! < ff + ft for all ¢.

Example 3 (see Appendix E for a detailed derivation) illustrates a steady state
general equilibrium of this form.

At the equilibrium payments,

28(K+p5+1)

—5 — <0

Ef— B, = —
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Therefore, in all non-trivial equilibria, by; < by, (see proof of Proposition 3)
SO
o>1

Hence, an equilibrium of the form (e) is characterized by dowry (see (F.5") and
a male-to-female sex ratio at birth that is greater than 1.

An analysis of case (e) in Appendix F shows that o < (1 —p,) + (1 +7), at
this equilibrium. m

H. Proof of Proposition 5 (and Lemma 3)

H.1. Proof of Lemma 3

Lemma 4. Suppose that the post-marriage utility function of agents is given
by (14). In all non-trivial steady state general equilibria, couples choose to
have as many offspring as their total fertility allows, ensuring that young moth-
ers have more offspring than old mothers. Maternal-age (i)-specific sex ratios
0; (male/female) of offspring are determined as follows:

when |E; — E,,| < 47py,

ATp; — (Ef - Em)
g; =
ATp; + (Ef - Em)

€ (0,00) fori=20,1

when 47p, < |Ey — E,,| < 47py,

_ 4Tp0 _ (Ef — Em)
E

= € (0,00
Trpo T By — By © &)

g0

g1 = OOZfEm>Ef

Further, there is no non-trivial steady state equilibrium compatible with the
condition |Ey — E,,| > 47p,.
Proof. Follows from an argument identical to the one presented in the proof of
Proposition 2 (see Appendix D.2). It is easy to see from the above derived expres-
sions that o; increases (decreases) with declines in 1 if Ey—E,, < 0 (Ef — E,, > 0).
|
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H.2. Proof of Proposition 5

Proof. Demographic configurations (a) and (b) (see (%) in text) cannot be true
in equilibrium for reasons identical to those presented in the proof of Proposition
4 (see Appendix G).

Consider an equilibrium of the form (c): ff + f& = m}

Claim 6. When 7 < 1+ f3, there do not exist parameter values K > 0, [ € (0,1)
and s > 0 that are consistent with Condition (1) and also with a steady state
general equilibrium of the form (c).

Proof. Using an argument identical to that presented in Appendix G, we obtain
that the following condition must be true in an equilibrium of the form (c) (see

(G.8)):
(28 — )

2-p
where Ey = — (47 + 47p,) + 47(1 + 4py)®°
Note that it is a necessary condition for equilibrium that (H.1) be true for
some K > (0 at the maximum possible value of E;. It is easily shown that Ej is

max

maximized at pf*®* = 0.75 and E;(p*™*) = 7. Hence (H.1) reduces to

K=FE + (14 5) (H.1)

28 —
K:T+%(1+B) (H.2)
Now, K > 0 implies (using (H.2))
2674+ (2—17—5)3—5+27>0 (H.3)

The left hand side of (H.3) is decreasing in s. Let s = % (the lowest value
of s permissible by Condition (1)).

Then, some elementary algebra will demonstrate that a necessary condition

for (H.3) to be true at s = %, is

T>1+p

Hence, the above necessary condition for the existence of a steady state of the
form (c) is not satisfied when
T<1+p (H.4)

Alternatively, when 7 < 1 + 3, a steady state general equilibrium of the form
(¢) will not exist. m

Consider a steady state general equilibrium of the form (d): mt > ff + f¢ for
all 2.
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Claim 7. When 7 < 2, there do not exist parameter values K > 0, 5 € (0,1) and
s > 0 that are consistent with Condition (1) and also with a steady state general
equilibrium of the form (d).

Proof. By an argument exactly similar to that presented in Appendix G, we
obtain the following condition that must be true in an equilibrium of the form (d)
(see (G.17)):

0<E=2K+[(K+s)+s<uz (H.5)

where x1 = — (47 + 47p,) + 47(1 + 4p,y)*°. Since E is increasing in s (see (H.5))
it is sufficient to show that at low values of 7, there do not exist parameter values
that satisfy (the right inequality of) (H.5).

Let s = f_ié (the lowest value of s permissible by Condition (1)). At s = f%“;,
E <z (as in (H.5)) reduces to

2 K2-8)+(1—-K)5>+33

It is easily shown that z; attains a maximum of 7 at p, = 0.75. Hence, the
right hand side of (H.6) is 7 at its maximum, whereas the left hand side is greater
than 2 for the relevant parameter range: 0 < K < 1, 0 < 8 < 1. Hence, there
will be no equilibrium of the form (d) if 7 < 2. m

Recall that a steady state general equilibrium of the form (c¢) cannot exist if
7 < (14 ). Since (1+ ) < 2 for 5 € (0,1), a sufficient condition that ensures
that equilibria of the form (a) — (d) cannot be sustained in a steady state general
equilibrium is that 7 < (1 + /).

An equilibrium of the form (e) exists. Example: consider the following pa-
rameters: K = 0.5, s =52, 3 =05, py =9, p =3, 7 = 0.75. Notice that
Condition (1) is satisfied and 7 < 1+ /3. Then a steady state equilibrium of the
form (e) is obtained that has the following characteristics:

Go=0,7q, =1, py =047, p, =1, (1+7)=2.026

bro = 3.83, by =5.17, 09 = 1.35

bfl == 083, bml = 217, g1 = 2.61
1 K+28 1 _ K+148 _
Dy = =3 =3, D; = 13 =4
The proof is identical to that presented in Appendix E (Example 3), with birth
47p;+(Ef—Em) 4TPi—(Ef—Em)‘ -

rates being given by by; = —=—1—", by = =

(H.6)
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Addendum to Appendix E: Table (a)
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Table (a) contd.

The next two graphs demonstrate that in the long run equilibrium, po= 0.787, p1 = 1.

Proportion of Young Women Matched in Each Period Proportion of Old Women Matched in Each Period
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mull(t)/fi(t)
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